Abstract. In this paper, we discuss reducing subspaces of multiplication operators M φ on the Dirichlet space D defined by a Blaschke product φ with two zeros a, b in the unit disk D and show that when a + b = 0, M φ has two proper ones; otherwise it has none. This is different from the cases of the Hardy space and the Bergman space.
Endow D with the norm f ,
Then D is a Hilbert space with inner product
It is well known that D is a reproducing function space with reproducing kernel
and for f ∈ D, f, K λ = f (λ). In recent years, the Dirichlet space has received a lot attention from the analytists. We refer readers to the survey paper [8] for more information about the Dirichlet space.
A reducing subspace S for an operator A on a Hilbert space H is a closed subspace of H such that AS ⊂ S and AS ⊥ ⊂ S ⊥ . The commutant of A, denoted {A} , is the (weak-star closed) algebra of bounded operators B on H such that BA = AB. It is well known that S is a reducing subspace for A if and only if AP = P A, where P is the orthogonal projection from H to S. Thus the problem of characterizing reducing subspaces for an operator is closely related to the problem of describing its commutant.
In [9] , a complete description of the reducing subspaces of weighted unilateral shift operators of finite multiplicity is obtained. Consequently, it is easy to verify that the multiplication operator M z N induced by z N , N > 1 on the Dirichlet space and on the Bergman space has exact 2 N − 2 proper reducing subspaces; in particular, M z 2 has just two proper ones. For the Bergman space, in [10] and [12] , the authors used different methods, respectively, to show that any multiplication operator defined by a Blaschke product with two zeros in D has only two proper reducing subspaces. In [4, 5, 7] , the authors deeply studied such problems for multiplication operators defined by finite Blaschke products. For the Hardy space, the reducing subspaces of the multiplication operators defined by inner functions are studied in [1, 6] , since such operators are pure isometry.
In this paper, we consider the reducing subspaces of multiplication operators on the Dirichlet space defined by Blaschke products with two zeros in D. Note that our method is different from those in [10] and [12] . We fix some notation to state the result.
Recall that a function φ is called a multiplier of As an application, we describe the multiplication operators on D defined by multipliers which are unitarily equivalent to M z 2 , and we show that such multipliers are a constant multiple of z 2 . We have the following consequence.
Corollary 1.2. Let φ ∈ M. Then M φ is unitarily equivalent to M z 2 if and only if φ(z) = λz
2 for some λ with |λ| = 1.
Proof of the main result and its application
In this section, we give the proof of the main result and one application as mentioned in the introduction.
Since reducing subspaces of an operator corresponds to orthogonal projections in its commutant, firstly, we provide a discussion on the commutant of M φ for φ ∈ M, which may be known by many people; similar results for the Hardy space and the Bergman space appeared in [3, 11] .
Proof. Suppose first that T ∈ {M φ } . Then for any f ∈ D,
Proof. A direct computation shows that ψ = ϕ ab • φ and φ = ϕ ab • ψ. Thus in order to prove the lemma, it is enough to prove
To prove Theorem 1.1, by Lemma 2.2, it is enough to describe the reducing subspaces of M ψ with ψ(z) = zϕ λ (z), λ ∈ D.
To continue, we need a representation formula for the Dirichlet integral given by Carleson in [2] .
Let f = BSF be the canonical factorization of f , where
is a Blaschke product, S is the singular part of f , µ is the corresponding singular measure, and F is the outer part of f . Then
for f ∈ D, where u(ξ) = log |f (ξ)|, and P α (ξ) is the Poisson kernel. Now, we present the proof of the main result.
Proof of Theorem 1.
. We will prove the theorem in two cases.
Case A. a + b = 0. Then λ = 0. By Lemma 2.2, M φ and M z 2 have the same reducing subspaces. As mentioned in the introduction, Theorem B in [9] implies that M z 2 has only two proper reducing subspaces Assume that X is a proper reducing subspace of M ψ . Then X ⊥ is also a proper reducing subspace of M ψ .
For every f ∈ D, f has decomposition f = f 1 + f 2 with f 1 ∈ X and f 2 ∈ X ⊥ . Then for any g ∈ X ψX, we have g, ψf = g, ψf 1 + g, ψf 2 = 0, since both X and X ⊥ are reducing subspaces of M ψ . Hence
Again, since X, X ⊥ are reducing subspaces of M ψ , for any nonzero
Since ψ(0) = 0, for n ≥ 1, k = 0, 1, 2, 3, we have
where i is the imaginary unit. By Carleson's integral formula,
Hence, by the polarization identity,
Letting n → ∞, we get
It follows that
Without loss of generality, assume f (0) = 0.
By f (0) = 0, we have c 1 + c 2 = 0. Obviously, c 1 = 0. Without loss of generality, assume c 1 = 1. Then
we have c 4 = 0. Hence g = c 3 , and obviously c 3 = 0. But
This contradicts (2.1). The above reasoning implies that M ψ has no proper reducing subspaces, completing the proof.
For the proof of Corollary 1.2, we need a lemma, which reads as follows:
Hence for n ≥ 1, 2n = e 2n , e 2n = Ue 2n , Ue 2n
It follows that 
